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Abstract: 

We study the dynamics of a confining vacuum in N = 2U 5'p(4) gauge theory with 
Hf = A. The vacuum appears to be a deformed conformal theory with nonabelian 
gauge symmetry. The low-energy degrees of freedom consist of four nonabelian mag- 
netic monopole doublets of the effective SU (2) colour group, two dyon doublets and 
one electric doublet. In this description the flavour quantum number is carried only 
by the monopoles. We argue that confinement is caused by the condensation of these 
monopoles, and involves strongly interacting nonabelian degrees of freedom. 
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1 Introduction 



N = 2 gauge theories have been a consistent source of hints as to the nature 
of real-world QCD. Different types of confining vacua are realized in these models. 
For example some models exhibit confinement due to the condensation of monopoles 
charged under the maximally abelian subgroup, as in the = 1 vacua surviving the 
adjoint mass perturbation in = 2 SYM 

However, this is not the typical situation in softly broken N = 2 theories with 
fundamental matter fields. In jl], [H] the mechanism of confinement and dynamical 
symmetry breaking has been studied in some detail in these theories. In some vacua 
the low-energy degrees of freedom turn out to be nonahelian monopoles of the type 
studied by Goddard-Nuyts-Olive El; these objects (see [7j, [S] for a semiclassical 
analysis) also carry a flavor quantum number and their condensation is responsible 
for confinement and dynamical flavor symmetry breaking. 

The most interesting type of vacua found in ^4^ is based on the deformation of inter- 
acting superconformal field theories ([ni,^!!],^!])- The low-energy dynamics involves 
relatively non-local monopoles and dyons, as in the case first discovered by Argyres 
and Douglas In a previous paper ^21 we have studied one of these confining 
vacua in A^ = 2 SU{'i) gauge theories with Nj = 4 quark hypermultiplets. Upon a 
small adjoint mass perturbation confinement occurs, as can be demonstrated through 
various considerations, such as the study of the large adjoint mass limit (see |3j). The 
low energy degrees of freedom consist of four SU (2) gauge doublets monopoles, one 
dyon doublet and one electric doublet. These relatively nonlocal particles conspire 
to give a vanishing beta function, generalizing the abelian Argyres-Douglas mecha- 
nism P to a nonabelian effective theory. Giving the quark hypermultiplets different 
masses, the superconformal nonabelian vacuum split into six abelian local vacua; 
the fact that monopole condensates vanished in the equal mass limit suggested that 
confinement occurred in an essentially different way, involving strongly interacting 
nonabelian magnetic monopoles. 

Confinement is described in this way in many vacua in A^ = 2 supersymmetric 
gauge theories. Given the importance of the problem and subtlety of the nonabelian 
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confinement mechanism, we believe that it is worthwhile to analyze as many exphcit 
examples as possible, to deepen our insight into this phenomena further. In this paper 
we pursue the analysis for a vacuum in the U >S'p(4) theory with Nf = 4. The degrees 
of freedom are found to be the same as in jT2j, plus another dyon. This is a little 
puzzling because the /^-function cancellation mechanism does not seem to work in the 
same way as in the previously studied SU{3) case. 

Finally, we make a conjecture as to which degrees of freedom condense, by using 
the pattern of symmetry breaking known from the large adjoint mass analysis (see 
13]); we conclude again that nonabelian monopoles play a fundamental role both in 
confinement and in dynamical symmetry breaking. 



2 SU{2) Vacua in a USp{4:), Uf = A Gauge Theory 

The Seiberg-Witten curve of the USp{A) theory ([13^), with nf quarks of different 
masses ma, is (setting A = 1) 
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01 and 02 are the two components of the adjoint scalar field that breaks the gauge 
symmetry: 



(2.3) 



In the case rria = 0, the behavior of the curve is highly singular at the two points 
U = ±2, = 0, where four of the five branchpoints coalesce. In these vacua we have 
01 = 0, and so the gauge symmetry is broken to USp{2) x U{1) ~ SU{2) x U{1). 
Giving equal masses to all of the quarks (m^ = m), these two singularities exhibit 
different behaviors: the U = 2 singularity splits into two separate singularities, each 
of which has two pairs of branchpoints colliding (f/(l)^ unbroken). The U = —2 
singularity splits into three singularities: two of them have an unbroken f/(l)^, while 
the third has four colliding branchpoints (|3])- 
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Giving distinct masses to the quarks, each of two singularities near U = 2 sphts 
into four, and the SU{2) singularity near U = —2 splits into six; the former is a 4 + 4* 
flavor representation of U (4) , the residual global symmetry, the latter is a 1 + 6 + 1 
representation. The U = ±2, V = points are octet vacua of the original 5*0(8) 
flavor symmetry. 

We will analyze the rria = case, and try to understand the structure of the 
low-energy degrees of freedom and the mechanism of confinement. 

3 Singularity structure in the massless case 

In m = case, the curve becomes 

The discriminant of the curve is 

A,A+A_, (3.2) 

where 

A, = V^; (3.3) 

A+ = {A - AU + + AV); (3.4) 

A_ = (4 + 4f/ + f/2 + 4y). (3.5) 

When two of these factors vanish, the singularity is maximal. A^ = A± = corre- 
sponds to the two superconformal points we are considering {U = ±2, V = 0). 

Let's consider one of these two points, U = — 2. It is useful to redefine 

u = U + 2, v = V, (3.6) 

in order to have u = 0, v = in the considered vacuum. At this point, A^ = A_ = 0. 
Singularities near this point are located at 

A, = — >v = 0] 

A_ = 0^t; = - — . (3.7) 
4 

On the 3-sphere \u\^ + |f p = these equations describe two rings with linking 
number two (fig. Q). 
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Figure 1: Zero loci of the discriminant of the curve of the JV = 2, USp{A), Uf = 4 theory at 
ma = 0. 

Imposing the vanishing of the first factor {v = 0), the resulting curve has 3 branch 
points colhding; the analysis of monodromies is difficult, because it is possible to get 
charges of the zero-mass particles only when there are pairs of branch points colliding 
symmetry); this will be clear in the following. 

Problems become evident if one considers the monodromies around these two 
rings, as shown in figure ^ Choosing fundamental a and jS cycles as in figure El one 
can calculate the non-trivial monodromies of these around the singularity rings. The 
monodromy M acts on the column vector of cycles 



/ "1 



\ 



V = 



V /?2 



(3.8) 
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Figure 2: Fundamental cycles considered in the calculation of monodromies. xi, X2, and x/^ 
coalesce in the singularity. 
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M.v. The result is the following: 



m=0 



Dm.=0 



/ 


-1 








\ 







1 













2 


-1 





V 


-2 








1 / 


/ 


-1 


2 





\ 







1 
















-1 





v 








2 


1 / 



m=0 



ym=0 



/ 2 1 \ 
10 
-10 

V 1/ 

/ 2 -2 1 \ 
10 
-12 
V 2 -421/ 



(3.9) 



One can easily extract magnetic and electric charges (f^i, 5^2! Q'l, from the Vi,V2 
monodromies using (|13j): 



M 



\ 



q2gi 1 + g2fi'2 gig2 

-gf -9192 1 - gifi-i -g2fi'i 

-9l92 -92 -qi92 1 - g2fi'2 / 

and one obtains the following: 



(3.10) 



(3.11) 



V^i = (l,0;l,0), V^2 = (1,-2; 1,0). 



This is not the case for the Ri, R2 monodromies: they are not in the form ()3.10|1 . 
This is not surprising: at f = three branch points coalesce, and there is not a U{iy 
theory: one cannot expect that charges Qi, Qi make sense. Moreover, it is not a single 
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singularity. The composition of monodromies, when two or more singularities coa- 
lesce, respects ()3.10|) only if the particles are mutually local (for example, if they are 
in a flavor multiplet). In this case, we expect a flavor quartet (magnetic monopoles), 
plus other two particles; we will see that they are not relatively local with respect to 
the quartet. 

4 Equal mass case and the massless limit 

In order to understand what kinds of particles are present in the theory, we must 
give a little mass to quarks, in order to split the v = ring into many simple rings. 

We already know that by giving a common mass = m to the quarks, the U = 
—2 singularity splits into three singularities. Making the stereographic projection, 
one must choose a spherical section of a radius sufficiently large to contain all three 
singularities: so he can go to the limit m ^ without crossing the sphere and altering 
the topological structure of the singularity rings. Monodromies obtained in such a 
way remain valid in the limiting case. 

The curve becomes 

xy^ = {x{x^ -{u- 2)x -v)+ 2m^f - 4(x + ni^f, (4.1) 
and the discriminant has the three factors: 

A, = (m^ + m2(M-4) -f)^ (4.2) 

Ai = 16m2 + u^ + 4f , (4.3) 

As = 432mS + ?,2m^{9u - 28) + ^m^v{lQ - 8u + _ Qy) _ 

1)2(^2 - 8n + A{v + 4)) - 8m2(2n3 - 22^^ - 12(8 + v) + u(9t; + 80)). (4.4) 

In the singularity, all three of these factors are null. In the m = case A2 = w^A_|_; 
this gives the factor. 

The singularity structure on a 3-sphere of radius R = 1 has been analyzed numer- 
ically, with m = 0.1. The result are shown in figure 01 the R ring is a singularity, 
the V ring is a Ai singularity, the B and C rings are A2 singularities. 
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Figure 3: Zero loci of the discriminant of the curve of the N ~ 2, USp{4), nj — 4 theory at 
rria = m, on a sphere containing all the three singularities near U — —2, V — 0. 



First of all, we note that the rings B and C can be continuously deformed to make 
them coincide with the R ring: this is what happens when m — > 0, and monodromies 
are not changed by this deformation. This means that this analysis gives correct 
information on the m — s> limit. 



We computed non-trivial monodromies around the rings (see Appendix A). One 



can explicitly calculate only one monodromy for each ring, and obtain the others 
from these using the relations shown in [Appendix A| ()A.3j) : the redundance of these 
relations allows a non-trivial check, that works correctly. The charges obtained, with 
a global sign ambiguity, are: 

i?i = (1,0;0,0)^ i?2 = (0,l;-l,0)^ 
i?3 = (-l,l;0,0)^ i?4 = (0,0;l,0)^ 
fii = (l,l;-l,0); 52 = (-3, 3; -1,0); 
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53 = (-1,1; 1,0); 54 = (3,-1; 1,0); 
Ci = (1,-1; 1,0); C2 = (-l,l;-l,0); 
1^1 = ^6 = (1,0; 1,0); 
14 = 1^3 = (-1,2; -1,0); 
1^2 = (3,0; -1,0); ^4 = (-3, 2; 1, 0). 



(4.5) 



As we expected, g2 = for all the charges, because P2 cycle remains large approaching 
superconformal point. We expect also that particles relative to opposite arches of a 
singularity circle (ex. Ri and R3) form doublets of the unbroken SU{2). So one 
can try to construct a transformation of cycles that give {gi,qi) as the charges of 
f/(l) C SU{2), and (02,(12) as the charges of U{1) orthogonal to SU{2)] in this base, 
(fi'i) Qi) of the particles in the doublet must have opposite signs, and {g2, ^2) must have 
the same sign. It is possible to get this applying to charges the transformation 



T 



/ 1 1 \ 

12 10 
1 -i 



V 



(4.6) 



Applying T, one obtains a SU{2) x U{1) basis in which the charges are correctly 
paired into doublets. They are 



(i?i,i?3) : 

(i?2, -R4) : 
{B,,Bs) : 
(^2,54) : 
iCuC2): 



(±1,1; 0,0)^ 
(±1,1; ±1,0)^ 

(0,2; ±1,0); 
(±4, 2; ±1,0); 
(±2,0; ±1,0); 

: (±2, 2; ±1,0); 



{V2,V,) : (±2,2;t1,0). 



(4.7) 



Following [12] , we assume that if we want a correct interpretation of the theory 
only a section of fig. El must be chosen; other sections will give equivalent theories. 
In the m — > limit the R, B, C rings coalesce. Observing figure Q one can see that 
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Figure 4: Zero loci of the discriminant of the curve of the Af — 2, USp{4), Uf — A theory, in the 
hmit m ^ 0. The four sections are the same as in fig. 

there are only two not equivalent sections (si and S2) in this limit. The si and S2 
sections of figure ^ can be identified with the si and S2 of figure |3] The composition 
of surviving monodromies for the rings R, B, C have to compose into those of ()3.9j) . 
One can easily check that 

Dm=0 D R ■ 

JXi — OliXl-Dl, 

i?r° = C2i?353, (4.8) 

and this shows that Ci, Ri, Bi are the monodromies that compose into i?™"^ of ()3.9|) 
in the limit m — > 0; the other monodromies {R2, R4,, i?2 , -B4 , V2, V3, V5 and Vg) 
have no role in the massless limit. Thus the sections to consider are si S2 of figure IH 
Corresponding charges relative to U{1) C SU{2) are shown in tabled 

We conclude that the low energy degrees of freedom form SU (2) doublets; in the 
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Si 


S2 


Ri. Ry, : (±1.0)^ 


: (±1.0)-^ 


D,.D, : (0.±1) 


Di.Dy, : (0.±1) 


C'l.G : (±2.±1) 


C'i.C'2 : (±2.±1) 


Vi,V^: (±2,±1) 





Table 1: Different sections of the singularities 
SU{2) X C/(l) basis they are: 

{RuRs) : (±1,1; 0,0)^ 
(Si, S3) : (0,2; ±1,0); 
(Ci,C2): (±2,0; ±1,0); 
(V^i,V^4) : (±2, 2; ±1,0). 



(4.9) 



5 Low-Energy Coupling Constant 

Our aim is now to determine the form of the U{1)^ low energy coupling constants 
near the singularity point. They are given by the symmetric r^j matrix of the asso- 
ciated Riemann surface. Setting U — —2 + u,V — v the curve in the massless case 
assumes the following form: 

= x{x^ -Ux - V)'^ - Ax^ = x{x'^ - ux - v){x^ - {u - A)x - v). (5.1) 

The branch points in the x plane are the following: 

u ± \/v? -\- Av 



2^3 = 0, 0:2,4 



[U 



-4) ± ^{u - 4)2 + Av 



In the limit zi, v — > the points xi, X2, X3, x^ collide in a; = 0; approximately, 

+ 4v 



Xi ~ 



16 



-, 0:5 ~ -4. 



Introducing the new variables 



11a ^ 

UJ —u -\- 4v, a — 

UJ 



(5.2) 
(5.3) 

(5.4) 

(5.5) 
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one has: 

V = c<j^(l — a^); u = tua. (5.6) 
The coUiding branch points become: 

(a ± l)uj ,^ 

= 0, X2,4 = , xi = —. (5.7) 

/ io 

The matrix conformally invariant quantity; so one can multiply by lu the 

positions of the branch points on the x plane without altering it. We have: 

(ail) 00 4 , , 

X3 = 0, X2,4 = — ^ — , Xi = —, X5 = , Xe = oo. (5.8) 

/ Lb uj 

In the limit uj ^ one gets two couples of colliding branch points (at and at oo). One 
can now translate these points by the quantity a and then apply the transformation 
X — s> ^. These transformations have no effect on the conformally invariant quantity 
Tij. The branch points become: 

11 2 CO . . 

X3 = -, xi = — — , X2,4 = jt: — . — ^, X5 = —— , Xq = 0. (5.9) 

a a + uj/lb [2a + a±l) —4 + ua 

Fixing a = 1 and keeping only the lowest order terms in — ^ 0: 

Xr, = 1, Xl = 1 — — , X2A = -, X5 = , Xq = 0. (5.10) 

6 ,1 16' ^'^ (2 + a±l)' ^ 4' ^ ^ ' 

The couples of colliding branch points are now at and at 1; there are no branch 
points at infinity and this makes the computation of the integrals around the a and 
the 13 cycles easier in the basis shown in figure |31 

If one calculates the integral of the holomorphic forms oji = 002 = ^ around 
the a and /? cycles: 

M,= { f f V M2={ f^"^ f^"^ 1; (5.11) 



then Tij is given by: 
Explicit calculations give: 



Tij = M^^Mi. (5.12) 



2ni 2iri 



Ml = I V + V l + a^^- 3 + I ^ (5.13) 
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Oil 



Figure 5: a. and /? cycles used in the explicit calculation of Ty. 



and 



(l+a)(3+c«) 





- log(u)) 





V(i-TT7^)a-3T^) 
V(i-Tij)a-3ij) 





27ri 



(5.14) 



(5.15) 



- log(w) 



Ml is exact, calculated using residues. In M2 only the most divergent piece in the 
integral is kept; the in is a finite non-divergent piece. So one has a non-diagonal 
correction to Tij of order \j{log{uS)^\ which is diflicult to compute. 

Now it is easy to write r^j in our original basis. The matrix which transforms 
between the two bases is the following: 



( a\\ 

«2 

h 



( 
1 



V 



1 




\ 

1 

1 

0/ 



/ «1 \ 

Oil 

Pi 

V /?2 y 



s 



/ «1 \ 

02 
Pi 
\P2 J 



(5.16) 



If the cycles transform with the symplectic matrix 



M 




(5.17) 
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Tij transforms as 

T ^ {At + B){Ct + Dy\ (5.18) 
In the original basis one gets (using ()5.18j) with M = S^^): 

JgH , (5.19) 

- logCt^) - log(a;) / 

and transforming into the SU{2) x U{1) basis with M = {T'^)~^ (see T in ()4.6|) ) one 
finds: 

-1/2 + - 



Tij = ( " '^-2i°gH -4iogH j _ (5.20) 



— 41og(w) — 21og(aj) 

At the end, in the — hmit, in the SU(2) x U{1) basis it turns out that 



= / . • (5-21) 




The /3-function cancellation mechanism found in [9 and in [12] does not gen- 
eralized in an obvious way to this vacuum. We found above four SU{2) doublets 
of nonabelian monopoles, an electric doublet and two (2, 1) dyonic doublets. The 
monopoles cancel the contribution to the /5-function of the nonabelian dual SU{2) 
gauge bosons. The one-loop contributions of the other degrees of freedom would 
cancel each other for th such that (see Pj.fT^): 

J2iq^ + 9irn)^ = 2(1 + 2rn)' + 1 = 0, (5.22) 



I. e., 



rn = -l + ^i. (5.23) 



2 4 

This condition is not satisfied. 

We observe that neglecting the contribution of the electric doublet in ()5.22p the 
condition becomes 

= -\ (5.24) 

and it would be satisfied by this vacuum. The /3-function cancellation mechanism 
found in [9^ and ^2] can be generalized to this case only if the electric doublet 
decouples by some unknown reason from the low energy physics. 

Evidently, further investigations are needed to understand this extremely subtle 
issue of nontrivial SCFT with nonabelian gauge symmetry. 
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6 Confinement and Chiral Symmetry Breaking Mechanism 

The superconformal limit may be approached by first breaking chiral symmetry 
explicitly by introducing unequal bare quark masses. It is easy to see |4j that the 
non-local SU{2) vacuum splits into 8 local f/(l)^ vacua. Adding an adjoint mass 
term ;uTr$^ into each of these vacua the low energy degrees of freedom (monopoles, 
dyons) condense. However, in the superconformal limit all the condensates become 
zero (see the discussion of the SU{3) case in [T7 for more details). 

The theory in the equal mass case has a SU (Nf) chiral symmetry group, realized in 
the fundamental representation multiplets Q, Q*. The massless case is particular: in 
this case the chiral symmetry is enanced to S0{2Nf) due to the presence of generators 
which mix Q and Q*. 

The dynamical chiral symmetry breaking has been determined in j3j by studying 
the theory at large /i A). The result is that S0{2Nf) is dynamically broken to 
U (Nf). On the other hand, in our analysis we have found that the low energy degrees 
of freedom of our theory are a fiavour quartet of monopoles and three fiavour singlets 
dyons. It seems natural to assume that the chiral symmetry breaking is caused by 
the following fiavour monopole condensation: 

{MiM') = V. (6.1) 

This seems to be the only way to perform the breaking 5*0(8) —>■ U{A) with our low 
energy degrees of freedom. This is also reasonable because our monopoles are strongly 
coupled. 

As in the SU{3) case T^, this suggests strongly that the mechanism of confine- 
ment and chiral symmetry breaking involves strongly coupled nonabelian monopoles 
and dyons. 
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Appendix A Monodromies 



Evaluating numerically the four monodromies -Ri, Bi, Ci, Vi one gets: 



Ri 



/I \ 

10 
-4010 

V 1/ 

/ 2 -1 1 \ 
10 
-110 

VI -111/ 



/ -1 1 \ 

10 
-1-12 

V -1 -1 1 1 / 

/ 2 1 \ 

10 
-10 

V 1/ 



The topology of the four rings yields the relations 



R2 
i?4 



Vi'R2V,, 
Vr'R^Vu 



(A.l) 



(A.2) 



B2 = Vi'B.V,, 
B, = Vf'B^Vi, 

V2 = R^'V.Ru 
V, = B^W.Bs, 



B3 = -R3 B2R3, 
Bi = R^ ^B^Ri, 

Ci = Vf'C^V,, 

V, = B^'V2B^, 

V, = C^'V,C2. (A.3) 
16 



With these relations, one gets all of the monodromies, and re-obtain the initial 
ones with the last relation of each ring: this is a non trivial check of the monodromies. 
The check succeeds, and the monodromies are: 



R. 



/ 1 -4 4 \ 
10 

10 

\ -4 4 1 / 

/ 1 4 \ 

10 

10 

V 1 / 

/ 1 1 \ 
10 
-112 
\ 1 -1-11/ 

/ -2 1 \ 

10 

-9 4 

V 1 / 

/ 2 -2 1 \ 
10 
-12 
\ 2 -421/ 



R:^ 



B, 





/ 1 








o\ 







1 










—4 


4 


1 


U 






—4 





1 / 


/ 


4 


-3 


1 


o\ 







1 










-9 


9 


-2 





\ 


9 


-9 


3 


1 / 


/ 


4 


-1 


1 


o\ 







1 










-9 


3 


-2 





\ 


3 


-1 


1 


1 / 


/ 


-2 


2 


1 


o\ 







1 










-9 


6 


4 





\ 


-6 


-4 


-2 


1 / 


C2 




= ^1 





(A.4) 



Charges ()4.5|) can be calculated from these monodromies. 
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